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AN EXPOSITION ON FINITE DIMENSIONALITY OF CHOW GROUPS
KALYAN BANERJEE
ABSTRACT. In this exposition we understand when the natural map
from theChowvariety parametrizing codimension p cycles on a smooth
projective variety X to the Chow groupCHp (X ) is surjective. We derive
some consequences when the map is surjective.
1. INTRODUCTION
The representability question in the theory of Chow groups is an im-
portant question. Precisely it means the following: let X be a smooth
projective variety and let CHp (X ) denote theChow groupof codimension
p algebraic cycles on X modulo rational equivalence. Let CHp(X )hom de-
note the subgroup of CHp (X ) consisting of homologically trivial cycles.
Suppose that there exists a smooth projective curve C and a correspon-
dence Γ on C × X such that Γ∗ from J (C ) ∼= CH
1(C )hom to CH
p(X )hom is
surjective. Then we say that the group CHp(X )hom is representable. The
most interesting and intriguing is the case of highest codimensional cy-
cle on a smooth projective variety X , i.e. the zero cycles on X . The first
breakthrough result in this direction is the result by Mumford: the group
CH2(S)hom of a smooth projective complex algebraic surface with geo-
metric genus greater than zero is not representable. It was further gen-
eralised by Roitman [R1] for higher dimensional varieties proving that:
if the variety X has a globally holomorphic i-form on it, then the group
CHn(X )hom is not representable. Here n is the dimension of X and we
have i ≤ n. Then there is the famous converse question due to Spencer
Bloch saying that: for a smooth projective complex algebraic surface S
with geometric genus equal to zero, the groupCH2(S)hom is representable.
This question has been answered for the surfaces not of general typewith
geometric genus equal to zero by Bloch-Kas-Liebarman, in [BKL]. The
conjecture is still open in general for surfaces of general type but it has
been solved in many examples in [B],[IM],[V],[VC].
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In the case of highest codimensional cycles on a smooth projective va-
riety X , the notion of representability can also be defined in another way.
That iswe consider the naturalmap from the symmetric power SymdX to
CHn(X )hom, for d positive and n being the dimension of X . Suppose that
this map is surjective for some d then we say that the group CHn(X )hom
is representable. It can be proved as in [Vo], that this notion of repre-
sentability implies the first notion of representability and vice-versa.
So following the approach of Voisin as in [Vo], it is natural to ask is there
a second notion of representability for lower co-dimensional cycles. Pre-
cisely it means the following: Let us consider the two-fold product of the
Chow varietyC
p
d
(X )×C
p
d
(X ). Consider the naturalmap from this product
two the group CHp(X )hom and we ask the question: does the surjectivity
of this map implies the representability in the first sense of CHp (X )hom.
First we prove the following in this direction:
The Chow group of codimension p-cycles are generated by linear sub-
spaces. That is there exists a surjective map from CH0(F (X )) to CH
p (X ).
Here F (X ) is the Fano variety of linear subspaces of codimension p. Sup-
pose that CHp(X )hom is representable in the sense that the map from the
two-fold product of the Chow variety to CHp(X )hom is surjective. Then
there exists a smooth projective curve C and a correspondence Γ on C ×X ,
such that Γ∗ : CH
1(C )hom→CH
p (X )hom is surjective.
As an application we show that the natural map from C 3
d
(X )×C 3
d
(X )
to CH3(X )hom is not surjective for any d , where X is a cubic fourfold em-
bedded in P5.
Our argument in this direction is minor modification of the argument
present in the approach of Voisin in [Vo], where she deals with the case of
zero cycles. First we recall various notions representability in the second
sense, denoted as "finite dimensionality" of Chowgroups of codimension
p-cycles and show their equivalence. The key point is to use the Roit-
man’s result on the map from the two-fold product of the Chow variety
to CHp (X )hom saying that the fibers of this map is a countable union od
Zariski closed subsets in the product of Chow varieties. Then after having
this equivalent notions of "finite dimensionality" in hand we proceed to
themain theorem.
Acknowledgements: The author would like to thank the hospitality of Tata
Institute Mumbai, for hosting this project.
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2. FINITE DIMENSIONALITY OF THE CHOW GROUP OF CODIMENSION i
CYCLES
Let X be a smooth projective variety defined over the ground field k.
Let C
p
d
(X ) denote the Chow variety of X parametrizing all codimension
p cycles on X of a certain degree d . To consider the degree we fix an
embedding of X into some projective space PN . Consider the k-points of
the varietyC
p
d
(X ). Then consider themap
θdp :C
p
d
(X )×C
p
d
(X )→CHP (X )
given by
(Z1,Z2) 7→ [Z1−Z2]
where [Z1− Z2] is the class of the cycle Z1 − Z2 in the Chow group. By
abusing notation we will denote the class [Z1−Z2] as Z1−Z2.
Definition 2.1. We say that the group CHp (X ) is representable if there ex-
ists d such that θ
p
d
is surjective.
Now the natural question is that, what are the fibers of θ
p
d
, for a fixed
p,d . Here is a theorem about that:
Theorem 2.2. The fibers of the map θ
p
d
are countable union of Zariski
closed subsets of C
p
d
(X )×C
p
d
(X ).
Proof. To prove this we consider the following reformulation of the def-
inition of rational equivalence. Let Z1,Z2 be two codimension p-cycles.
They are rationally equivalent if there exists a positive cycle Z ′, such that
Z1+Z
′,Z2+Z
′ belong toC
p
d
(X ) for some fixed d , and there exists a regular
morphism f from P1 toC
p
d
(X ), such that
f (0)= Z1+Z
′, f (∞)= Z2+Z
′ .
Let us consider two cycles Z1,Z2 belonging to θ
p
d
−1
(z) for some rational
equivalence class z. Then Z1,Z2 belong to θ
p
d
−1
(z) means that Z1,Z2 are
rationally equivalent. So there exists Z ′, f as above such that
f (0)= Z1+Z
′, f (∞)= Z2+Z
′ .
So it is natural to consider the following subvarieties of C
p
d
(X )×C
p
d
(X )
denoted byW u,v
d
, given as the collection of all (Z1,Z2) so that there exist
Z ′ ∈C
p
u (X ) f in Hom
v (P1,C
p
d+u
(X )), for some positive integeru satisfying
f (0)= Z1+Z
′, f (∞)= Z2+Z
′ .
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HereHomv (P1,C
p
d+u
(X )) is theHomschemeof degree v morphisms from
P
1 toC
p
d+u
(X ). For working purpose denote
∏n
i=1C
p
di
(X ) asC
p
d1,··· ,dn
(X ).
Let
e : Homv (P1,C
p
d+u,d+u
(X ))→C
p
d+u,d+u
(X )
be the evaluationmorphism sending f :P1→C
p
d+u,d+u
(X ) to the ordered
pair ( f (0), f (∞)), and let us consider the diagonal inC
p
u,u(X ) andmultiply
withC
p
d ,d
(X ), call it F and consider:
s : F →C
p
d+u,d+u
(X )
be the regular morphism sending (Z1,Z2) to (Z1+ Z
′,Z2+ Z
′). The two
morphisms e and s allow to consider the fibred product
V =Homv (P1,C
p
d+u,d+u
(X ))×Cp
d+u,d+u
(X ) F .
ThisV is a closed subvariety in the product
Homv (P1,C
p
d+u,d+u
(X ))×F
over Spec(k) consisting of quintuples ( f ,Z1,Z2,Z
′) such that
e( f )= s(Z,Z2,Z
′) ,
i.e.
( f (0), f (∞))= (Z1+Z
′,Z2+Z
′) .
The latter equality gives
V =W u,v
d
.
Vice versa, if (Z1,Z2) is a closed point of W
u,v
d
, there exists a regular
morphism
f ∈Homv (P1,C
p
d+u,d+u
(X ))
with f (0)= Z1+Z
′ and f (∞)= Z2+Z
′. Then ( f ,Z1,Z2,Z
′) belongs to V .
So the setW u,v
d
is itself a quasi-projective variety.
Suppose that (Z1,Z2) is inW
u,v
d
. Then there exists f inHomv (P1,C
p
d+u
(X )),
Z ′ inC
p
u (X ) such that
f (0)= Z1+Z
′, f (∞)= Z2+Z
′ .
Then this immediately imply that (Z1 + Z
′,Z2 + Z
′) is in W 0,v
d+u
. On the
other consider the map
s˜ :C
p
d ,d
(X )×∆Cpu,u (X )
→C
p
d+u,d+u
(X )
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given by
(Z1,Z2,Z
′) 7→ (Z1+Z
′,Z2+Z
′) .
By the above we have that
W u,v
d
⊂ pr1,2(s˜
−1(W 0,v
d+u
)) .
Conversely suppose that (Z ′1,Z
′
2) belongs to pr1,2(s˜
−1(W 0,v
d+u
)). Then (Z ′1,Z
′
2)
is of the form (Z1+Z
′,Z2+Z
′), such that there exists f inHomv (P1,C
p
d+u
(X ))
satisfying
f (0)= Z1+Z
′, f (∞)= Z2+Z
′ .
This tell us that (Z1,Z2) belongs toW
u,v
d
. Hence we have that
W u,v
d
= pr1,2(s˜
−1(W 0,v
d+u
)) .
Since s˜ is continuous and pr1,2 is proper,
W¯ u,v
d
= pr1,2(s˜
−1(W¯ 0,v
d+u
) .
This gives that to prove the second assertion of theproposition it is enough
to show that W¯ 0,v
d
is contained inWd .
Let (Z1,Z2) be a closed point of W¯
0,v
d
. If (Z1,Z2) is in W
0,v
d
, then it is
also inWd . Suppose
(Z1,Z2) ∈ W¯
0,v
d
rW 0,v
d
.
LetW be an irreducible component of the quasi-projective varietyW 0,v
d
whose Zariski closure W¯ contains the point (Z1,Z2). LetU be an affine
neighbourhood of (Z1,Z2) in W¯ . Since (Z1,Z2) is in the closure ofW , the
setU ∩W is non-empty.
Let us show that we can always take an irreducible curve C passing
through (Z1,Z2) inU . Indeed, writeU as Spec(A). It is enough to show
that there exists a prime ideal in Spec(A) of height n − 1, where n is the
dimension of Spec(A), where A is Noetherian. Since A is of dimension n
there exists a chain of prime ideals
p0 ⊂ p1 ⊂ ·· · ⊂ pn = p
such that this chain can not be extended further. Now consider the sub-
chain
p0 ⊂ p1 ⊂ ·· · ⊂ pn−1 .
This is a chain of prime ideals and pn−1 is a prime ideal of height n−1, so
we get an irreducible curve.
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Let C¯ be the Zariski closure of C in W¯ . Two evaluation regular mor-
phisms e0 and e∞ from Hom
v (P1,C
p
d
(X )) to C
p
d
(X ) give the regular mor-
phism
e0,∞ : Hom
v (P1,C
p
d
(X ))→C
p
d ,d
(X ) .
ThenW 0,v
d
is exactly the image of the regularmorphism e0,∞, and we can
choose a quasi-projective curve T in Homv (P1,C
p
d
(X )), such that the clo-
sure of the image e0,∞(T ) is C¯ .
For that consider the curveC inW so it is contained inW 0,v
d
. We know
that the image of e0,∞ isW
0,v
d
. Consider the inverse image of C¯ under the
morphism e0,∞. Since C¯ is a curve, the dimension of e
−1
0,∞(C ) is greater
than or equal than 1. So it contains a curve. Consider two points on
C¯ , consider their inverse images under e0,∞. Since Hom
v (P1,C
p
d
(X )) is
a quasi projective variety, e−10,∞(C¯ ) is also projective, we can embed it into
some Pm and consider a smooth hyperplane section through the two
points fixed above. Continuing this procedure we get a curve contain-
ing these two points and contained in e−10,∞(C ). Therefore we get a curve
T mapping onto C¯ . So the closure of the image of T is C¯ .
Now, aswehavementioned above,Homv (P1,C
p
d
(X )) is a quasi-projective
variety. This is why we can embed it into some projective space Pm . Let
T¯ be the closure of T in Pm , let T˜ be the normalization of T¯ and let T˜0 be
the pre-image of T in T˜ . Consider the composition
f0 : T˜0×P
1
→ T ×P1 ⊂Homv (P1,C
p
d
(X ))×P1
e
→C
p
d
(X ) ,
where e is the evaluation morphism e
P1,C
p
d
(X ). The regular morphism f0
defines a rational map
f : T˜ ×P1 99KC
p
d
(X )
Then by resolution of singularities we get that f could be extended to a
regular map from (T˜ ×P1)′ toC
p
d
(X ), where (T˜ ×P1)′ denote the blow up
of T˜ ×P1 along the indeterminacy locus which is a finite set of points.
Continue to call the strict transform of T˜ in the blow up as T˜ , and the
pre-image of T as T˜0
The regular morphism T˜0 → T → C¯ extends to the regular morphism
T˜ → C¯ . Let P be a point in the fibre of this morphism at (Z1,Z2). For any
closed point Q on P1 the restriction f |T˜×{Q} of the rational map f onto
T˜ × {Q} ≃ T˜ is regular on the whole curve T˜ , because T˜ is non-singular.
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Then
( f |T˜×{0})(P )= Z1 and ( f |T˜×{∞})(P )= Z2 .
f : {P }×P1→C
p
d
(X )
has the property that
f (0)= Z1, f (∞)= Z2 .
Hence we have thatW 0,v
d
is Zariski closed. So W u,v
d
is Zariski closed,
and hence we have that θ
p
d
−1
(z) is a countablel union of Zariski closed
subsets in the productC
p
d ,d
(X ). 
By the previous Theorem 2.2 we can define the dimension of the fiber
of θ
p
d
to be the maximumof the dimensions of the Zariski closed subsets
occuring in θ
p
d
−1
(z), for z in CHp (X ). Now consider the subset ofC
p
d ,d
(X )
consisting of points such that the dimension of θ
p
d
−1
(θ
p
d
)(Z ) is not con-
stant as Z varies. By the existence of Hilbert schemes this is a countable
union of Zariski closed subsets of C
p
d ,d
(X ). Call this subset B . Then for
Z in the complement of B , we have that the dimension of θ
p
d
−1
(θ
p
d
)(Z ) is
constant and say r .
Definition 2.3. The dimension of the image of θ
p
d
is defined to be equal to
2dim(C
p
d
(X ))− r .
Suppose that there exists a codimension p prime cycle on X of de-
gree e . Then this prime cycle gives rise to an embedding of C
p
d
(X ) into
C
p
d+e
(X ). Hence we have
dim(C
p
d
(X ))≤ dim(C
p
d+e
(X )) .
Hence we can define the limit superior of the
dim(im(θ
p
d
)) .
We say that CHp (X ) is infinite dimensional if
limsup
d
dim(im(θ
p
d
))=∞
and finite dimensional otherwise.
Theorem 2.4. The group CHp(X ) is representable if and only if it is finite
dimensional.
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Proof. Suppose that CHp(D) is representable. Then there exists d such
that θ
p
d
is surjective. For every integer n consider the subset
R ⊂C
p
n (X )×C
p
n (X )×C
p
d
(X )×C
p
d
(X )
consisting of quadruples
(Z1,Z2,Z
′
1,Z
′
2)
such that
θ
p
n (Z1,Z2)= θ
p
d
(Z ′1,Z
′
2) .
As we have that θ
p
d
is surjective, it follows that the projection
pr1 :R→C
p
n (X )×C
p
n (X )
is surjective. NowbyTheorem2.2,R is a countable union of Zariski closed
subsets in the ambient varietyC
p
n (X )×C
p
n (X )×C
p
d
(X )×C
p
d
(X ). We prove
it as a separate lemma:
Lemma 2.5. The set R is a countable union of Zariski closed subsets in
C
p
n (X )×C
p
n (X )×C
p
d
(X )×C
p
d
(X ).
Proof. To prove this we consider the following reformulation of the def-
inition of rational equivalence. Let Z1,Z2 be two codimension p-cycles.
They are rationally equivalent if there exists a positive cycle Z ′, such that
Z1+Z
′,Z2+Z
′ belong toC
p
d
(X ) for some fixed d , and there exists a regular
morphism f from P1 toC
p
d
(X ), such that
f (0)= Z1+Z
′, f (∞)= Z2+Z
′ .
Let us consider two cycles (Z1,Z2,Z
′
1,Z
′
2) belonging to R . That would
mean that the cycle class of Z1−Z2 is rationally equivalent to that of Z
′
1−
Z ′2.. So there exists a positive cycle Z and a regular map f from P
1 to
C
p
d+n+u
(X ) such that
f (0)= Z1+Z
′
2+Z , f (∞)= Z
′
1+Z2+Z
′ .
So it is natural to consider the following subvarieties ofC
p
d+n+u
(X )×C
p
d+n+u
(X )
denoted byW u,v
d+n
. It is given by the collection of all elements in the image
of C
p
d
(X )×C
p
d
(X )×C
p
n (X )×C
p
n (X ) in C
p
d+n+u
(X )×C
p
d+n+u
(X ), under the
natural map, given by
(Z1,Z2,Z
′
1,Z
′
2) 7→ (Z1+Z
′
2,Z
′
1+Z2)
Call this image as F .
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so that there exist Z ∈C
p
u (X ) and f in Hom
v (P1,C
p
d+n+u
(X )), for some
positive integer u satisfying
f (0)= Z1+Z
′
2+Z , f (∞)= Z2+Z
′
1+Z
′ .
Here Homv (P1,C
p
d+n+u
(X )) is the Hom scheme of degree v morphisms
fromP1 toC
p
d+n+u
(X ). Forworking purpose denote
∏n
i=1C
p
di
(X ) asC
p
d1,··· ,dn
(X ).
Let
e : Homv (P1,C
p
d+n+u,d+n+u
(X ))→C
p
d+n+u,d+n+u
(X )
be the evaluationmorphism sending f :P1→C
p
d+n+u,d+n+u
(X ) to the or-
dered pair ( f (0), f (∞)), and let us consider the diagonal in C
p
u,u(X ) and
multiply with F and consider:
s : F ×∆Cpu,u(X )
→C
p
d+n+u,d+n+u
(X )
be the regular morphism sending (Z1+ Z
′
2,Z2+ Z
′
1) to (Z1+ Z
′
2+ Z ,Z2+
Z ′1+Z
′). The twomorphisms e and s allow to consider the fibred product
V =Homv (P1,C
p
d+n+u,d+n+u
(X ))×Cp
d+n+u,d+n+u
(X ) (F ×∆Cpu,u (X )
.
ThisV is a closed subvariety in the product
Homv (P1,C
p
d+n+u,d+n+u
(X ))×F ×∆Cpu,u (X )
over Spec(k) consisting of tuples ( f ,Z1+Z
′
2,Z2+Z
′
1,Z ) such that
e( f )= s(Z1+Z
′
2,Z2+Z
′
1,Z ) ,
i.e.
( f (0), f (∞))= (Z1+Z
′
2+Z ,Z2+Z
′
1+Z ) .
The latter equality gives
V =W u,v
d+n
.
Vice versa, if (Z1+Z
′,Z2+Z
′
1) is a closed point ofW
u,v
d+n
, there exists a
regular morphism
f ∈Homv (P1,C
p
d+n+u,d+n+u
(X ))
with f (0)= Z1+Z
′
2+Z and f (∞)= Z2+Z
′
1+Z . Then ( f ,Z1+Z
′
2,Z2+Z
′
1,Z )
belongs to V .
So the setW u,v
d+n
is itself a quasi-projective variety.
Suppose that (Z1+Z
′
2,Z2+Z
′
1) is inW
u,v
d+n
. Then there exists f inHomv (P1,C
p
d+n+u
(X )),
Z inC
p
u (X ) such that
f (0)= Z1+Z
′
2+Z , f (∞)= Z2+Z
′
1+Z .
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Then this immediately imply that (Z1+Z
′
2+Z ,Z2+Z
′
1+Z ) is inW
0,v
d+n+u
.
On the other consider the map
s˜ : F ×∆Cpu,u(X )
→C
p
d+n+u,d+n+u
(X )
given by
(Z1+Z
′
2,Z2+Z
′
1,Z ) 7→ (Z1+Z
′
2+Z ,Z2+Z
′
1+Z ) .
By the above we have that
W u,v
d+n
⊂ pr1,2(s˜
−1(W 0,v
d+n+u
)) .
Conversely suppose that (Z1+Z
′
2,Z
′
1+Z2) belongs to pr1,2(s˜
−1(W 0,v
d+n+u
)).
Then there exists f in Homv (P1,C
p
d+n+u
(X )) satisfying
f (0)= Z1+Z
′
2+Z
′, f (∞)= Z2+Z
′
1+Z
′ .
This tell us that (Z1+Z
′
2,Z2+Z
′
1) belongs toW
u,v
d+n
. Hence we have that
W u,v
d+n
= pr1,2(s˜
−1(W 0,v
d+n+u
)) .
Since s˜ is continuous and pr1,2 is proper,
W¯ u,v
d+n
= pr1,2(s˜
−1(W¯ 0,v
d+n+u
) .
This gives that to prove the second assertion of theproposition it is enough
to show that W¯ 0,v
d+n
is contained inWd+n .
Let (Z1+Z
′
2,Z
′
1+Z2) be a closed point of W¯
0,v
d+n
(here the closure is taken
with respect to F ). Suppose
(Z1+Z
′
2,Z
′
1+Z2) ∈ W¯
0,v
d+n
rW 0,v
d+n
.
LetW be an irreducible component of the quasi-projective varietyW 0,v
d+n
whose Zariski closure W¯ contains the point (Z1+Z
′
2,Z
′
1+Z2). LetU be an
affine neighbourhoodof (Z1+Z
′
2,Z2+Z
′
1) in W¯ . Since (Z1+Z
′
2,Z
′
1+Z2) is
in the closure ofW , the setU ∩W is non-empty.
Let us show that we can always take an irreducible curve C passing
through (Z1+Z
′
2,Z
′
1+Z2) inU . Indeed, writeU as Spec(A). It is enough to
show that there exists a prime ideal in Spec(A) of height n−1, where n is
the dimension of Spec(A), where A is Noetherian. Since A is of dimension
n there exists a chain of prime ideals
p0 ⊂ p1 ⊂ ·· · ⊂ pn = p
such that this chain can not be extended further. Now consider the sub-
chain
p0 ⊂ p1 ⊂ ·· · ⊂ pn−1 .
This is a chain of prime ideals and pn−1 is a prime ideal of height n−1, so
we get an irreducible curve.
Let C¯ be the Zariski closure of C in W¯ . Two evaluation regular mor-
phisms e0 and e∞ from Hom
v (P1,C
p
d+n
(X )) to C
p
d+n
(X ) give the regular
morphism
e0,∞ : Hom
v (P1,C
p
d+n
(X ))→C
p
d+n,d+n
(X ) .
Then W 0,v
d+n
is exactly the image of the regular morphism e0,∞, and we
can choose a quasi-projective curve T in Homv (P1,C
p
d+n
(X )), such that
the closure of the image e0,∞(T ) is C¯ .
For that consider the curveC inW so it is contained inW 0,v
d+n
. We know
that the image of e0,∞ isW
0,v
d+n
. Consider the inverse image of C¯ under the
morphism e0,∞. Since C¯ is a curve, the dimension of e
−1
0,∞(C ) is greater
than or equal than 1. So it contains a curve. Consider two points on C¯ ,
consider their inverse images under e0,∞. Since Hom
v (P1,C
p
d+n
(X )) is a
quasi projective variety, e−10,∞(C¯ ) is also quasi projective, we can embed it
into somePm and consider a smooth hyperplane section through the two
points fixed above. Continuing this procedure we get a curve containing
these two points and contained in e−10,∞(C ). Therefore we get a curve T
mapping onto C¯ . So the closure of the image of T is C¯ .
Now, aswehavementioned above,Homv (P1,C
p
d+n
(X )) is a quasi-projective
variety. This is why we can embed it into some projective space Pm . Let
T¯ be the closure of T in Pm , let T˜ be the normalization of T¯ and let T˜0 be
the pre-image of T in T˜ . Consider the composition
f0 : T˜0×P
1
→ T ×P1 ⊂Homv (P1,C
p
d+n
(X ))×P1
e
→C
p
d+n
(X ) ,
where e is the evaluationmorphism e
P1,C
p
d+n
(X ). The regularmorphism f0
defines a rational map
f : T˜ ×P1 99KC
p
d+n
(X )
Then by resolution of singularities we get that f could be extended to a
regular map from (T˜ ×P1)′ to C
p
d+n
(X ), where (T˜ ×P1)′ denote the blow
up of T˜ ×P1 along the indeterminacy locus which is a finite set of points.
Continue to call the strict transform of T˜ in the blow up as T˜ , and the
pre-image of T as T˜0
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The regular morphism T˜0 → T → C¯ extends to the regular morphism
T˜ → C¯ . Let P be a point in the fibre of thismorphism at (Z1+Z
′
2,Z2+Z
′
1).
For any closed point Q on P1 the restriction f |T˜×{Q} of the rational map
f onto T˜ × {Q} ≃ T˜ is regular on the whole curve T˜ , because T˜ is non-
singular. Then
( f |T˜×{0})(P )= Z1+Z
′
2 and ( f |T˜×{∞})(P )= Z2+Z
′
1 .
f : {P }×P1→C
p
d+n
(X )
has the property that
f (0)= Z1+Z
′
2, f (∞)= Z2+Z
′
1 .
Hence we have thatW 0,v
d+n
is Zariski closed. SoW u,v
d+n
is Zariski closed.
Thereforewehave a countable union of Zariski closed subsets in F ,whose
pull-back toC
p
d
(X )×C
p
d
(X )×C
p
n (X )×C
p
n (X ) is exactly R . Therefor R itself
is a countable union of Zariski closed subsets inC
p
d
(X )×C
p
d
(X )×C
p
n (X )×
C
p
n (X ).

Write R = ∪iRi , where each Ri is a Zariski closed subset in C
p
n (X )×
C
p
n (X )×C
p
d
(X )×C
p
d
(X ). Considering the projection from pr1 from R to
C
p
n (X )×C
p
n (X ), we have ∪ipr1(Ri ) = C
p
n (X )×C
p
n (X ). But C
p
n (X )×C
p
n (X )
can be uniquely decomposed into finitelymanyZariski closed irreducible
subsets of maximal dimension. Using the fact that the ground field k
is uncountable, it will follow that there exists finitely many components
R1, · · · ,Rm of R , such that ∪iRi = R
′ surjects onto C
p
n (X )×C
p
n (X ). So we
have that
dimR ′ ≥ 2dimC
p
d
(X ) .
Now consider (Z1,Z2,Z
′
1,Z
′
2) in ∪Ri , then we have
dim(Z1,Z2)R
′
∩C
p
n (X )×C
p
n (X )× (Z
′
1,Z
′
2)≥ 2dimC
p
n (X )−2dimC
p
d
(X ) ,
this number on the right hand side is bigger than zero if we take suffi-
ciently large n such that C
p
n (X ) contains C
p
d
(X ). Then the above is an
algebraic set contained in
θ
p
n
−1
(θ
p
d
(Z ′1,Z
′
2)) .
As (Z1,Z2) is arbitrary and the projection
R ′→C
p
n (X )×C
p
n (X )
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is surjective,we have that dimension of θ
p
n
−1
(Z1,Z2) is atleast 2(dim(C
p
n (X ))−
dim(C
p
d
(X ))). Hence the image of θ
p
n is bounded by 2dimC
p
d
(X ). Hence
CHp (X ) is finite dimensional. Now suppose that CHp (X ) is finite dimen-
sional. We have to prove that there exists d such that θ
p
d
is surjective. Let
d be such that
dim(im(θ
p
d
))= dim(im(θ
p
d+e
))
for some positive integer e . Let V be a subvariety of degree e and codi-
mension p giving an embedding ofC
p
d
(X )×C
p
d
(X ) intoC
p
d+e
(X )×C
p
d+e
(X ).
Call the embedding as iV , then we have
θ
p
d+e
◦ iV = θ
p
d
.
Let F be the fiber of θ
p
d
passing througha general point (Z1,Z2) ofC
p
d
(X )×
C
p
d
(X ), let F ′ be the fiber of θ
p
d+e
through a general point in C
p
d+e
(X )×
C
p
d+e
(X ). By assumption we have that
2dim(C
p
d
(X ))− r1 = 2dim(C
p
d+e
(X ))− r2
where r1,r2 are dimensions of F,F
′. So we have
r2− r1 = 2n
where n = dim(C
p
d+e
(X ))−dim(C
p
d
(X )) . Let F ′′ be the fiber of a θ
p
d+e
such
that it passes through (Z1+V ,Z2+V )= iV (Z1,Z2). Then Then by the def-
inition of dimension of the fiber of θ
p
d+e
we have that
dim(F ′′)≥ dim(F ′) .
Now consider the subset
R = {(Z1,Z2,Z
′
1,Z
′
2) : θ
p
d+e
(Z1,Z2)= θ
p
d
(Z ′1,Z
′
2)} .
The projection fromR toC
p
d
(X )×C
p
d
(X ) is surjective, so there exists finitely
many irreducible subsets containing (Z1+V ,Z2+V ,Z1,Z2) such that there
union R ′ dominatesC
p
d
(X )×C
p
d
(X ). Fiber of this projection from R ′ is of
dimension greater or equal than that of F ′′. So it is greater than or equal
to dim(F )+2dimC
p
d
(X ). The fibers of the first projection
p :R ′→C
p
d+e
(X )×C
p
d+e
(X )
are of dimension atmost dim(F ). So we have that
dimp(R ′)≥ dimR ′−dimF ≥ dimF ′′+2dim(C
p
d
(X ))−dim(F )
≥ dimF ′−dimF +2dim(C
p
d
(X )= dim(C
p
d+e
(X )×C
p
d+e
(X ))

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Now our aim is to detect the kernel of the Abel-Jacobi map for higher
dimensional cycles. Let’s recall that the Abel-Jacobi map has domain
CH
p
(
X )
hom
and target the Intermediate Jacobian I Jp(X ) given by
H2p−1(X ,C)/F pH2p−1(X ,C)⊕H2p−1(X ,Z) .
The first theorem in this direction is to relate the representablity of the
Chow group of codimension p cycles with zero cycles on Jacobian.
Theorem 2.6. Suppose that there exists a smooth projective curve C, and
a correspondence Γ on C ×X such that
Γ∗ : CH
1(C )hom→CH
p (X )hom
is surjective. Then CHp (X )hom is representable.
Proof. Note that the natural map from SymgC ×SymgC to CH1(C )hom is
surjective, where g is the genus of the curve C . Therefore CH1(C )hom is
finite dimensional. Therefore the image of Γ∗ is finite dimensional. But
Γ∗ is surjective. So CH
p(X )hom is finite dimensional hence representable.

It is difficult to prove the converse, that is : suppose CHp (X )hom is rep-
resentable then does there exists a curve C and a correspondence Γ on
C ×X , such that Γ∗ is onto. Let us consider the following situation when:
I) The Chow group of codimension p-cycles are generated by linear
subspaces. That is there exists a surjectivemap fromCH0(F (X )) to CH
p (X ).
Here F (X ) is the Fano variety of linear subspaces of codimension p.
Theorem2.7. Let X be as above. Suppose thatCHp(X )hom is representable.
Then there exists a smooth projective curve C and a correspondence Γ on
C ×X , such that
Γ∗ : CH
1(C )hom→CH
p (X )hom
is surjective.
Proof. Consider the map θ
p
d
fromC
p
d
(X ) to CHp (X )hom given by
Z 7→ Z −dL0
where L0 is a fixed linear subspace of X . Since CH
p(X )hom is actually
generated by linear subspaces. The above map restricted to SymdF (X )
is surjective, continue to call it θ
p
d
. Let us consider large d such that
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dim(im(θ
p
d
)) is constant and equal to K . Then the dimension of a gen-
eral fiber is equal to
dim(SymdF (X ))−K
.
Nowwe prove that an irreducible component Z ofmaximal dimension
of a general fiber of θ
p
d
cannot be contained in a set of the form
Symd−iF (X )+W
whereW is in SymiF (X ), dimW < i and the above +means the image of
the natural map from
Symd−iF (X )×W → SymdF (X ) .
If possible assume that Z is contained in such a set. Note that the dimen-
sion of Z is dim(SymdF (X ))−K . So we have
dim(Symd−iF (X ))≥ dim(SymdF (X ))−K − i +1 .
Let the dimension of F (X ) be n. Then the above says
n(d − i )≥ nd −K − i +1
which implies
i <K /n−1 .
Consider the subset
Z ′ = {(z,w)|z+w ∈ Z }⊂ Symd−iF (X )×W .
By definition this set dominates Z , hence is of dimension greater or equal
than nd −K . So the general fibers of the second projection pr2 : Z
′→W
are of dimension atleast
nd −K − i +1 .
Also note that
θ
p
d
(z+w)= θ
p
d−i
(z)+θ
p
i
(w) .
Since θ
p
d
is constant along Z we have θ
p
d−i
is constant along Z ′w . So if Z
passes through a very general point of SymdF (X ), then Z ′w passes through
a very general point of Symd−iF (X ). So we have dim(Z ′w ) is less than the
dimension of a general fiber of θ
p
d−i
for genericw . Now the dimension of
Z ′w is greater than or equal to
nd −K − i +1
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but the dimension of the fiber of θ
p
d−i
is equal to (d − i )n −K because
d − i > d −K /n−1 can be chosen to be arbitrarily large.
Let us assume that d ≥ 2, andwe have nd−K ≥ d . Consider the follow-
ing lemma.
Lemma 2.8. Let Y be an ample hypersurface of F (X ) and let Z be an irre-
ducible subset of SymdF (X ) not contained in any subset of the form
Symd−iF (X )+W
withW ⊂ SymiF (X ) and dimension of W is less than i . Then Z intersects
SymdY , provided that dim(Z )≥m.
Therefore by applying the lemma we see that a general fiber of θ
p
d
in-
tersects SymdY , for sufficiently large d and provided that n ≥ 2. There-
fore θ
p
d
and θ
p
d
|SymdY has same image and the later has image of bounded
dimension. So we can apply the lemma again and finally get that θ
p
d
and θ
p
d
|SymdC has same image, where C is a smooth projective curve ob-
tained by intersecting n−1 many ample hypersurfaces. This proves the-
orem. 
proof of Lemma2.8: Consider the quotientmap r : F (X )d → SymdF (X ).
Let r−1(Z )= Z˜ , let Z˜0 be a component of Z˜ dominating Z . By the hypoth-
esis we have the following:
for every i ≥ 1 and every subset I of cardinality i , we have dimpI (Z˜0)≥
i , where pI is the projection from F (X )
d to F (X )i corresponding to the set
of indices. Since Z˜0 dominates Z , it is sufficient to prove that Z˜0 intersect
Y d , for an ample hypersurface Y in F (X ). Consider a complete inter-
section V in Z˜0, which is obtained by intersecting Z˜0 with finitely many
ample hypersurfaces, so that dimension of V is d . Then the hypotheses
on Z˜0 implies that samewould be true forV . So without loss of generality
we can assume that dimensionof Z˜0 = d . Consider a desingularization Z
′
of Z˜0. Consider the divisors
Di := (pri ◦τ)
−1(Y )
where τ is the natural map from Z ′ to Z˜0. Now Y is ample, so we have
(pri ◦τ)∗((pri ◦τ)
∗(Y ).C )= Y .(priτ)∗C ≥ 0
which means that Di ’s are numerically effective. Our claim will follow
from the fact that D1∩·· ·∩Dd is non-empty. So we prove that D1∩·· ·∩
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Dd is non-empty. First suppose that d = 2. We have D1,D2 two divisors
numerically effective. Hence we have
D21 ≥ 0; , D
2
2 ≥ 0
Suppose thatD1.D2 = 0. Then the intersectionmatrix of (D1,D2) is semi-
positive. So by the Hodge index theorem we have D1 = rD2 for some
integer r . Hence (D1+D2)
2 = 0. But D1+D2 is the pull-back of an am-
ple divisor on F (X )×F (X ), under a generically finite map. So it is ample.
Therefore (D1+D2)
2 > 0, which is a contradiction. The general case fol-
lows from this.
So when, CHp (X ) is representable and X satisfies the assumption of
Theorem 2.7, then the above Theorem 2.7 and arguments present in [Vo]
give that there exists an abelian variety A and a correspondence Γ sup-
ported on A×F (X ), such that L∗Γ∗ : A→CH0(F (X ))hom→CH
p (X )hom is
surjective, where L∗ is the universal incidence correspondence given by
{(x,L) : x ∈ L} .
This leads us to the following result.
Theorem 2.9. Let X be smooth projective and it satisfies the hypotheses of
Theorem2.7. Suppose that CH2(X )hom is representable. Then the kernel of
the Abel-Jacobi map is torsion.
Proof. By Theorem 2.7 there exists a smooth projective curve C in F (X )
and a correspondence Γ on C ×F (X ) such that L∗Γ∗ : J (C )→CH
2(X )hom
is surjective. This yields further, a correspondence on J (C )×F (X ), such
that
L∗Γ∗ : J (C )→CH
2(X )hom
is surjective. By Theorem 2.2 we have that kernel of L∗Γ∗ is a countable
unionof Zariski closed subsets of J (C ). Since kernel of L∗Γ∗ is a subgroup
of J (C ) and we work over an uncountable ground field, the kernel is a
countable union of translates of an abelian variety A sitting in ker(L∗Γ∗).
Now consider the supplementary abelian variety B , such that A ×B →
J (C ) is an isogeny. Now replacing J (C ) by B , and L ◦Γ by (L ◦Γ)B×X , we
get that the kernel of L∗Γ∗ is countable.
Fix x0 in F (X ), consider the subset R of F (X )×B given by
{(x,a) : L∗Γ∗(a)= L∗(x)−L∗(x0)}
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By Theorem 2.2 we have R is a countable union of Zariski closed subsets
in F (X )×B . Since Γ∗L∗ is surjective, the projection from R onto F (X )
is onto. Hence there exists a component R0 of R surjecting onto F (X ).
Since ker(L∗ ◦Γ∗) is countable, the map is actually finite of say degree r .
Thus R0 gives rise to a correspondence of dimension equal to dim(F (X ))
between F (X ) and B , this provides a morphism
α : F (X )→B
given by
α(x)= albB (R0∗(x−x0)) .
By definition of R0 we have that
L∗Γ∗α(x)= r (L∗(x)−L∗(x0)) .
Now this α gives rise to a regular homomorphism from CH2(X )hom to B .
Hence by the universality the intermediate Jacobian I J2(X ), there exists
a unique regular map β : I J2(X )→B , such that
α=β◦Φ2
whereΦ2 is the Abel-Jacobi map. So we have
L∗Γ∗βΦ2(z)= r z .
This proves that kernel ofΦ2 is torsion. 
2.10. Application of the above result. Consider X to be a smooth cubic
fourfold embedded in P5. Then we know that the group of homologically
trivial one cycles CH3(X )hom is generated by lines on X . So the criterion
for Theorem 2.7 is satisfied. We know, by [Sc], that there does not exists
a smooth projective curveC and a correspondence Γ onC ×X , such that
Γ∗ is surjective. Hence it follows that the natural map from the Chow
varieties parametrising one cycles on X does not surject ontoCH3(X )hom.
Theorem 2.11. The group CH3(X )hom is not representable. That is, the
natural map from the product C 3
d
(X )×C 3
d
(X ) to CH3(X )hom is not surjec-
tive for any d.
The above Theorem 2.9 gives us a criterion by which we can detect the
representability of CH2(X )hom. Precisely when, the Abel-Jacobi kernel is
non-trivial, CH2(X )hom is not representable, in the sense that the natural
map from the Chow varieties (infact from the symmetric powers of F (X ))
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to CH2(X )hom are not surjective. There are some examples of higher di-
mensional varieties with non-trivial Abel-Jacobi mappings given in [GG].
So the Theorem 2.9 forces that such varieties cannot have :
SymdF (X ) surjecting onto CH2(X )hom. So for a threefold X , the non-
triviality of the Abel-Jacobi kernel implies that the CH2(X )hom cannot be
generated by integral linear combination of lines on the threefold of any
fixed degree.
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